In [1] , given a fan ∆ and a scheme Y , Cox defines notions of ∆-collections on Y and equivalences between them. Then he showed that the functor
represents the toric variety X ∆ if ∆ is non-singular (we shall call F ∆ Cox functor). This successfully generalizes Grothendieck's definition of a projective space P n , and it is closely related to the quotient presentation. As mentioned in [1, page 261], unfortunately, if ∆ is singular the functor F ∆ fails to represent the toric variety X ∆ , and it was proposed to consider the general case.
The purpose of this short note is to generalize the notion of Cox functor. If one work not in classical toric geometry but in toric stacks ( [4] , [5] ), one has a natural generalization of the main result of [1] . We refer to [5] for basic definitions concerning toric stacks and stacky fans. 
When ∆ is the empty set, the set of morphisms from
for all m ∈ M and is the empty set if otherwise.
Let S be a scheme, and define a fibered category
as follows. The objects of
With the natural notion of pullbacks, F (∆,∆ 0 ) is a fibered category over (S-schemes). By fppf descent theory for quasi-coherent sheaves, F (∆,∆ 0 ) is a stack with respect to fppf topology.
The following Theorem is the main result of this note. Theorem 1.4. Let S be the spectrum of a field k of characteristic zero. Let X (∆,∆ 0 ) be the toric stack (over k) associated to (∆, ∆ 0 ) (cf. [5] ). Then there exists an isomorphism of stacks
This note is organized as follows. In section 2, we prove the main result. We also prove that F (∆,∆ 0 ) is algebraic over arbitrary scheme. In the last section (section 3), we remark on the Picard group and the Chow ring with integer coefficients of a toric stack. We present a slight generalization of [ In this subsection, we prove (a) in Lemma 2.1. Unless stated otherwise, we work over k. Consider a collection
where
where v ρ is the first lattice point of ρ. We shall refer to such collections as linear ∆-collections.
Let
for all ρ ∈ ∆(1) and c
r for all r ∈ R. The following functor
(here ∼ denotes the equivalence relation) is representable by a quasi-affine scheme
. Define a group scheme
There exists a natural action a :
is a smooth algebraic stack of finite type over k (cf. [7, proposition 10.13 
.1]).
Next we show that [L ∆ /G (∆,∆ 0 ) ] has a finite diagonal. To this aim, clearly we may suppose that rays in ∆ span the vector space N ⊗ Z R. For a cone σ ∈ ∆ set
. Then we have a natural 2-isomorphism between the both two composites. Thus there exists a morphism z :
and F (∆,∆ 0 ) are fppf stacks (cf. [7, (10.7) ]), the functor z is essentially surjective.
To prove the fully faithfulness, note first that we may work fppf locally on Y and put two linear ∆-collections
′ r for all r ∈ R, the set of morphisms from
for any ρ ∈ ∆(1)}. In this case, the set of homomorphism from z(
can be canonically identified with the set
and bijectively corresponds to the set of morphisms from
Hom F (∆,∆ 0 ) (Y ) (z(C 1 ), z(C 2 )) are the empty sets. Thus z is fully faithful. Therefore F (∆,∆ 0 ) is a smooth Deligne-Mumford stack of finite type and separated over k.
Remark 2.2. The above argument also implies that the stack F (∆,∆ 0 ) over a general scheme is algebraic. Namely, we conclude that: can ) be a stacky fan with the canonical free-net such that ∆ is non-singular. Let X ∆ (resp. X (∆,∆ 0 can ) ) be the toric variety (resp. the toric stack) over Z associated to ∆ (resp. (∆, ∆ 0 can )) (the definition of toric stacks ( [4] , [5] ) works over arbitrary base schemes). While X (∆,∆ 0 can ) is isomorphic to the toric variety X ∆ over Z, it is not clear whether or not F (∆,∆ 0 )/Z is isomorphic to X ∆ over Z.
2.2.
The coarse moduli space for F (∆,∆ 0 ) . In this subsection, we prove (b) in Lemma 2.1. Clearly, we may suppose that rays in ∆ span the vector space N ⊗ Z R.
First by imitating the proof of [2, Theorem 2.1], we see that geometric quotient (in the sense of Mumford [8] 
and gives a bijection on geometric points. Note first that X ∆ is a geometric quotient and thus q induces a bijection on geometric points. Moreover
The properness of q follows from the fact that q is a universal submersion, in particular universal closed map (It is easy to see that q is separated and of finite type). Therefore the coarse moduli space for F (∆,∆ 0 ) is a toric variety X ∆ .
The quasi-affine scheme L ∆ contains an algebraic torus Spec 
, and the automorphism group is isomorphic to µ l (K) ∼ = Z/lZ.
We complete the proof of Theorem 1.4. 
A Remark on Chow Rings with Integer coefficients
In this section, we give some remarks on Chow rings with integer coefficients of toric stacks (cf. [4, Section 4]). We shall use notation similar to section 1, and from now on we assume that the base field k is an algebraically closed field of characteristic zero. Here we use intersection theory with integral coefficients on stacks developed by Kresch, Edidin-Graham and Totaro (cf. [6] , [3] , [10] ). 
where ρ∈∆(1) Z · D ρ is a free abelian group generated by {D ρ } ρ∈∆ (1) , and (we abuse notation) D ρ is the toric divisor corresponding to ρ i.e.,
, and D ρ is the toric divisor on X ∆ , which corresponds to ρ.
Indeed L ∆ is a smooth toric variety, and any invertible sheaf (line bundle) L on L ∆ is represented by a linear form of toric divisors (i.e. torus-invariant divisors) with integer coefficients. Every toric divisor on L ∆ comes from some toric divisor on 
where Aut(pr * 1 M) is the group of automorphisms of the invertible sheaf pr *
* M) be a pair corresponding to a trivial invertible sheaf on X (∆,∆ 0 ) . Taking account of the cocycle condition, there exists an isomorphism of groups
On the other hand, there exists an isomorphism of groups
Hence we obtain our claim. 
Hence we have a surjective map ρ∈∆(1) Z·D ρ → A d−1 (X (∆,∆ 0 ) ) ∼ = Pic(X (∆,∆ 0 ) ) (the last isomorphism follows from [3, Proposition 18]). Observe that for any m ∈ M, Σ ρ∈∆(1) m, n ρ · D ρ maps to zero. To see this, choose a splitting N = N 0 ⊕N 1 such that ∆ ⊂ N 0 and rays in ∆ span the vector space N 0 ⊗ Z R. Consider a free abelian groupÑ := ρ∈∆(1) Z · e ρ ⊕ N 1 , and define a homomorphism of abelian group h :Ñ → N by e ρ → n ρ and n → n for all n ∈ N 1 . Let ∆ ⊂Ñ ⊗ Z R be the sub-fan of ⊕ ρ∈∆(1) R ≥0 · e ρ such that a cone γ ∈ ⊕ ρ∈∆(1) R ≥0 · e ρ lies in ∆ if and only if h R (γ) is a cone in ∆. Then by [5, Corollary 3.9 ] the associated morphism of stacky fans h : (∆,∆ To complete the proof it suffices to show that this map is injective. The group Pic(X (∆,∆ 0 ) ) is isomorphic to ρ∈∆(1) Z · D ρ /(Σ ρ∈∆(1) m, n ρ · D ρ ) m∈M . Thus the injectiveness follows since ρ∈∆(1) Z · D ρ /(Σ ρ∈∆(1) m, n ρ · D ρ ) m∈M is a finitely generated abelian group. 2
Next given a stacky fan (∆, ∆ 0 ) we define the Stanley-Reisner ring of (∆, ∆ 0 ). 
